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This paper is devoted to studying the nonlinear Abel-Volterra integral equation
of the form
a x w tx .  .
mw x s dt q f x 0 - x - d F ` .  .  .H 1y aG a . 0 x y t .
 .with a ) 0 and m g R m / 0, y1, y2, . . . . The uniqueness of the solution is
 .proved and the asymptotic behavior of w x as x ª 0 is obtained, provided that
 .  .  .a x and f x have special power asymptotics near zero. The solution w x in
closed form is given in some cases. Q 1999 Academic Press
1. INTRODUCTION
The nonlinear Volterra integral equation
xa x w t .  .
mw x s dt q f x x ) 0 1.1 .  .  .  .H 1yaG a . 0 x y t .
 . w xwith a ) 0 and m ) 0 m / 1 arises in heat theory 14 , in the nonlinear
w x w xtheory of wave propagation 17, 25 , and in water percolation 9, 22 . The
w xequation is also given the generic name Abel's type integral equation 11 ,
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w xand, so, it is called the Abel]Volterra integral equation 24 . Equation
 .1.1 and the similar equation of the form
x
mw x s a x k x y t r t dt q f x x ) 0 1.2 .  .  .  .  .  .  .H
0
 . wwith the convolution kernel k x y t and m ) 0 were studied in 1, 4, 6,
x  . w x15, 20, 21, 22 for a x s 1 and in 2, 3, 5, 7 for the general case. It is
proved that the solvability of such equations is different in the cases
m ) 1 and 0 - m - 1. In the former case the corresponding homogeneous
w  . xequation f x ' 0 can have a nontrivial solution, which was first proved
w xin 25 , and the papers above were devoted to investigating problems
 .concerning the existence and the uniqueness of a solution w x for the
 .nonhomogeneous equation 1.2 , the stability of such a solution, and the
method of successive approximation to find its solution. The case 0 - m -
w x w x w x1 is less studied. Some results were given in 1 , 4 , and 15 about the
 .  .uniqueness of a solution for Eq. 1.2 with a x s 1 and a continuous
 .kernel k u in the spaces of continuous and summable functions. The
 .existence and the uniqueness for the homogeneous equation 1.2 with
 .  .a x s 1, m - 0, and nonincreasing kernel k u in the class of almost
w xdecreasing functions was studied in 16 . Further, the same problem for
 .  .  .Eq. 1.1 with the bounded function a x and m g R m / 0, y1, y2, . . .
w xwas investigated in 18 , where R is the real number field.
 .  .The problems to solve Eqs. 1.1 and 1.2 in closed form and to find
asymptotics of their solutions near zero and infinity, provided that such
solutions exist, are also of importance. The asymptotic behavior of the
 .solution w x , as x ª 0 and x ª `, of the Abel]Volterra integral equa-
tion of the form
x m1 f t y w t .  .
w x s dt x ) 0 1.3 .  .  .H 1yaG a . 0 x y t .
w x w x w xwith a ) 0 and m ) 1 was studied in 14 and 23 for a s 1r2 and in 10
 .for any a ) 0 in the cases when f t has the general power asymptotics
 w x.near zero and infinity see also 12 , and several first terms of asymptotics
 .of w x were found. It should be noted that the asymptotic behavior of
solutions of nonlinear Volterra integral equations more general than
 .  . 1.1 ] 1.3 was investigated by many authors see results and bibliography
w x.in 13, Sects. 15 and 17]20 , but most of the results give only the first
asymptotic terms of the solutions.
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Our paper deals with the integral equation of the form
xa x w t .  .
mw x s dt q f x 0 - x - d F ` 1.4 .  .  .  .H 1yaG a . 0 x y t .
 .for a ) 0 and m g R m / 0, y1, y2, . . . . In Section 2 on the basis of
the generalized Gronwall lemma we discuss the uniqueness of the solution
 .  .w x of Eq. 1.4 in the spaces of continuous and measurable locally
bounded functions. Section 3 is devoted to studying the asymptotic behav-
 .  .  .ior of w x , as x ª 0, provided that a x and f x have the asymptotics
`
a pm a ka x ; x a x x ª 0 1.5 .  .  . k
ksyl
with a / 0 andyl
`
a pm a kf x ; x f x x ª 0 1.6 .  .  . k
ksyn
with f / 0, where p g R and l, n g Z with Z being the set of allyn
 .integers. We will show that under certain assumptions the solution w x of
 .Eq. 1.4 has the asymptotic expansion
`
a kw x ; w x x ª 0 1.7 .  .  . k
kss
 .with s g Z s ) y1ra , where the coefficients w are expressed in termsk
 .of a and f . In Section 4 we consider the simplest form of Eq. 1.4 withk k
 . a pmyl .  .monomial a x s ax and quasimonomial f x , and find several first
 .terms of the asymptotics of the solution w x . The obtained asymptotics
 .allow us to solve in closed form Eq. 1.4 with the monomial power
 .  .functions a x and f x and the corresponding homogeneous equation.
We give such explicit solutions in Section 5.
2. UNIQUENESS OF THE SOLUTION
 .For 0 - d F ` we denote by C 0, d the space of continuous functions
 .  .on 0, d and by B 0, d the space of measurable and locally boundedloc
q . q  .  .  .functions. Let C 0, d and B 0, d be subspaces of C 0, d and B 0, dloc loc
q . q  .consisting of nonnegative functions, and let C 0, d and B 0, d be« loc, «
q . q  .  .subspaces of C 0, d and B 0, d consisting of functions g x for whichloc
 .  .there exists a constant « ) 0 such that g x G « for all x g 0, d . The
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following imbeddings are valid:
C 0, d ; B 0, d , Cq 0, d ; Bq 0, d , .  .  .  .loc loc 2.1 .q qC 0, d ; B 0, d . .  .« loc, «
a w xLet I w be the Riemann]Liouville fractional integral 24, Sect. 2.10q
x1 w t .
aI w x s dt a ) 0, x ) 0 , 2.2 .  .  . . H0q 1yaG a . 0 x y t .
 . w xand let E z be the Mittag]Leffler function 8, Chap. 18.1a
` kz
E z s a ) 0, z g C , 2.3 .  .  .a G a k q 1 .ks0
where C is the complex number field.
The following assertion can be proved directly.
 .  .LEMMA 1. Let a ) 0, A G 0, D ) 0, and d ) 0. If F x g B 0, dloc
and
0 F F x F A q D I a F x 0 - x - d F ` , 2.4 .  .  .  . .0q
then
F x F AE Dx1r a x ) 0 . 2.5 .  .  .  .a
 . zRemark 1. In particular, since E x s e for a s 1, the latter relation1
takes the form
F x F Ae D x , 2.6 .  .
wwhich is the classical Gronwall inequality. Therefore by analogy with 13,
x  .Sect. 10.2.15 we call 2.5 the generalized Gronwall inequality.
Lemma 1 allows us to investigate the uniqueness of a solution of
 .Eq. 1.4 .
THEOREM 1. Let a ) 0, 0 - m F 1, and 0 - d F `.
 .  .  .  .  .i If a x , f x g B 0, d and Eq. 1.4 has a solution in the spaceloc
 .B 0, d , then the solution is unique.loc
 .  .  .  .  .ii If a x , f x g C 0, d and Eq. 1.4 has a solution in the space
 .C 0, d , then the solution is unique.
 . m .Proof. Making the change of f x s w x and setting m s 1rm
 .  .m G 1 , we rewrite Eq. 1.4 in the form
x ma x f t .  .
f x s dt q f x 0 - x - d F ` . 2.7 .  .  .  .H 1yaG a . 0 x y t .
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 . m .Since the mapping w x ¬ w x is a homeomorphism in the spaces
 .  .  .  .B 0, d and C 0, d , Eqs. 1.4 and 2.7 are simultaneously solved inloc
 . m .these spaces and their solutions are connected by f x s w x .
 .  .  .  .  .i Let a x , f x g B 0, d . We suppose that Eq. 2.7 has twoloc
 .  .  .solutions f x and f x in the space B 0, d . Then for any segment1 2 loc
w x  .d , d ; 0, d there exist numbers K ) 0 and L ) 0 such that1 2
a x F K , f x F L, f x F L .  .  .1 2
0 F d F x F d - d . 2.8 .  .1 2
As easily found, the estimate
x m y y m F m x my1 x y y x ) y G 0, m G 1 2.9 .  .  .
 .  .follows from the mean value theorem. From 2.7 in accordance with 2.2 ,
 .  .2.8 , and 2.9 we have
xa x . my1
f x y f x F m max f t , f t .  .  .  . 4H1 2 1 2G a . 0
f t y f t .  .1 2
= dt1yax y t .
my1 aF KmL I f t y f t x . 2.10 .  .  .  . .0q 1 2
 . <  .  . <The function F x s f x y f x satisfies the conditions of Lemma 11 2
my1  . w xwith A s 0 and D s KmL , hence we have F x s 0 for x g d , d .1 2
 .  .Since d and d were chosen arbitrarily, we have f x s f x for1 2 1 2
 .  .  .x g 0, d and the uniqueness of the solution f x of Eq. 2.7 is proved.
 .  .  .  .  .  .  .ii Let now a x , f x g C 0, d . According to 2.1 , a x , f x g
 .  .B 0, d and by the above assertion, Eq. 2.7 has a unique solutionloc
 .  .  .f x g B 0, d . We prove that this solution f x belongs to the spaceloc
 .  . w x  .C 0, d . For any point x g 0, d we choose the segment d , d ; 0, d3 4
w x  .  .and d ) 0 such that x, x q d g d , d . Since f x g B 0, d , there3 4 loc
exists M ) 0 such that
f x F M d F x F d . 2.11 .  .  .3 4
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 .  .  .  .From 2.7 in accordance with 2.2 , 2.9 , and 2.11 we have
ma x q d f t .  .d
f x q d y f x F dt .  . H 1yaG a . 0 x q d y t .
mxa x q d y a x f t q d .  .  .
q dtH 1yaG a . 0 x y t .
m mxa x f t q d y f t .  .  .
q dtH 1yaG a . 0 x y t .
q f x q d y f x .  .
M m
a aF Kv x , d q d v a, d q v f , d .  .  .4G a q 1 .
my1 aq KmM I f t q d y f t x , 2.12 .  .  .  . .0q
where
v f , d s sup sup f x q t y f x . 2.13 .  .  .  .
0-t-d w xx , xqtg d , d3 4
Applying Lemma 1 with
M m
a aA ' A s Kv x , d q d v a, d q v f , d , .  .  .d 4G a q 1 .
my1D s KmM , F x s f x q d y f x , .  .  .
we arrive at the estimate
1r af x q d y f x F A E Dx . 2.14 .  .  .  .d a
From the assumption there hold the relations
lim v a, d s 0, lim v f , d s 0, lim v x a , d s 0. .  .  .
dªq0 dªq0 dªq0
2.15 .
Then we have lim A s 0 and, hence,d ªq0 d
lim f x q d s f x .  .
dªq0
 .  .and f x g C 0, d . This completes the proof of the theorem.
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COROLLARY 1.1. Let a ) 0, 0 - m F 1, and 0 - d F `.
 .  .  . q  .  .i If a x , f x g B 0, d and Eq. 1.4 has a solution in the spaceloc
q  .B 0, d , then the solution is unique.loc
 .  .  . q .  .ii If a x , f x g C 0, d and Eq. 1.4 has a solution in the space
q .C 0, d , then the solution is unique.
By using the inequality
x m y y m F m y my1 x y y x ) y G 0, 0 - m - 1 2.16 .  .  .
 .and the imbeddings in 2.1 , the following statement is proved in a manner
similar to Theorem 1.
THEOREM 2. Let a ) 0, m ) 1, and 0 - d F `.
 .  . q  .  . q  .  .i If a x g B 0, d , f x g B 0, d , and Eq. 1.4 has a solu-loc loc, «
q  .tion in the space B 0, d , then the solution is unique.loc, «
 .  . q .  . q .  .ii If a x g C 0, d , f x g C 0, d , and Eq. 1.4 has a solutions
q .in the space C 0, d , then the solution is unique.«
Remark 2. If the assumptions in Theorem 1, Corollary 1.1, and Theo-
 .rem 2 hold, except the conditions on f x , then these statements stay true
 .for the homogeneous equation corresponding to 1.4 :
xa x w t .  .
mw x s dt 0 - x - d F ` . 2.17 .  .  .H 1yaG a . 0 x y t .
Remark 3. The results in Theorem 1 and Corollary 1.1 are generaliza-
w xtions of those in 18 .
3. ASYMPTOTICS OF SOLUTION IN THE GENERAL CASE
 .  .We suppose that Eq. 1.4 has the unique solution w x in one of the
 . w . q  . qw . q  . qw .spaces B 0, d , C 0, d , B 0, d , C 0, d , B 0, d , or C 0, d andloc loc loc, 0 0
 .  .study the asymptotic behavior of w x , as x ª 0, provided that a x and
 .  .  .f x satisfy 1.5 and 1.6 . For this we need the following assertion, which
is proved directly on the basis of the relation for m g R with m /
0, y1, y2, . . . ,
`
m m k < <1 y x s x x - 1 , 3.1 .  .  .  /k
ks0
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where
G m q 1 .m s /k k!G m y k q 1 .
are the binomial coefficients.
 4`LEMMA 2. Let p g Z, a g R, and w be a sequence of real numbers.k p
 .If the function w x has the asymptotic relation
`
a kw x ; w x x ª 0 , 3.2 .  .  . k
ksp
then for m g R with m / 0, y1, y2, . . . , there holds the asymptotic
`
m a pm a kw x ; x F x x ª 0 , 3.3 .  .  . p , k
ks0
where the coefficients F are expressed in terms of the coefficients w :p, k k
m mF s w ,p , 0 p /0
m my 1F s w w ,p , 1 p pq1 /1
m mmy 1 my2 2F s w w q w w ,p , 2 p pq2 p pq1 /  /1 2
m m 2 mmy 1 my2 my3 3F s w w q w w w q w w ,p , 3 p pq3 p pq1 pq2 p pq1 /  /  /  /1 2 1 3
m m 2my 1 my2 2F s w w q w w q w wp , 4 p pq4 p pq2 pq1 pq3 /  /  /1 2 1 3.4 .
m 3 mmy 3 2 my4 4q w w w q w w ,p pq1 pq2 p pq1 /  /  /3 1 4
m m 2my 1 my2 w xF s w w q w w w q w wp , 5 p pq5 p pq1 pq4 pq2 pq3 /  /  /1 2 1
m 3 3my 3 2 2q w w w q w wp pq1 pq3 pq1 pq2 /  /  /3 1 2
m 4 mmy 4 3 my5 5q w w w q w w , etc.p pq1 pq2 p pq1 /  /  /4 1 5
 .  .  .First we consider Eq. 1.4 , where a x and f x have the asymptotics
 .  .1.5 and 1.6 in the case l y n y 1 ) y1ra. We will seek an asymptotic
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 .  .solution w x of Eq. 1.4 in the form
`
a kw x ; w x x ª 0 . 3.5 .  .  . k
kslyny1
w xBy 24, Theorem 16.1 we have
`x1 w t G a k q 1 .  .
a kqadt ; w x x ª 0 , .H k1yaG a G a k q a q 1 .  .0 x y t . kslyny1
 .and in view of the asymptotic 1.5 and general properties of asymptotic
expansions, we have
xa x w t .  .
dtH 1yaG a . 0 x y t .
` lqky1 G a i q 1 .
a pm a k; x a w x x ª 0 . .  ky iy1 i /G a i q a q 1 .ksyn islyny1
 .Then, taking into account Lemma 2 and 1.6 , we arrive at the asymptotic
relation
`
a  lyny1.m a kx F x lyny1, k
ks0
` lqky1 G a i q 1 .
a pm a k; x a w x  ky iy1 i /G a i q a q 1 .ksyn islyny1
`
a pm a kq x f x x ª 0 , 3.6 .  . k
ksyn
 .where F are expressed in terms of w by 3.4 .p, k k
 .  .  .When the asymptotic expansion 3.5 of the solution w x of Eq. 1.4
 .satisfies the asymptotic relation 3.6 , we say such an equation is asymptoti-
 .cally sol¨ able, and the asymptotic expansion 3.5 is called an asymptotic
 .solution of Eq. 1.4 near zero.
 .Let us now suppose that q s l y n y p y 1 m is an integer for m g R
 .  .m / 0, y1, y2, . . . such that q G yn. Then 3.6 is equivalent to the
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relation
`
a pm a kx F x lyny1, kyq
ksq
` lqky1 G a i q 1 .
a pm a k; x a w x  ky iy1 i /G a i q a q 1 .ksyn islyny1
`
a pm a kq x f x x ª 0 . 3.7 .  . k
ksyn
 .It follows from 3.7 that if the coefficients w satisfy the conditionsk
lqky1 G a i q 1 .
a w q f s 0 ky iy1 i kG a i q a q 1 .islyny1
k s yn , yn q 1, . . . , q y 1 , 3.8 .  .
lqky1 G a i q 1 .
F s a w q flyny1, kyq kyiy1 i kG a i q a q 1 .islyny1
k s q , q q 1, . . . , 3.9 .  .
 .then Eq. 1.4 is asymptotically solvable and its asymptotic solution is given
 .  .by 3.5 , where if q s yn, relation 3.8 is excluded.
Consequently we obtain the following theorem.
 .THEOREM 3. Let a ) 0, p, m g R m / 0, y1, y2, . . . as well as
 .l, n, q s l y n y p y 1 m g Z such that l y n y 1 ) y1ra and q G yn.
 .  .  .  .Let a x and f x ha¨e the asymptotic expansions 1.5 and 1.6 and the
 .  .  .coefficients w satisfy relations 3.8 and 3.9 . Then Eq. 1.4 is asymptoti-k
 .cally sol¨ able and its asymptotic solution near zero has the form 3.5 .
 .  .  .Next we consider Eq. 1.4 in the case when a x and f x have the
 .  .asymptotics 1.5 and 1.6 with n s l y p y 1 - 0. We will seek an
 .  .asymptotic solution w x of Eq. 1.4 in the form
`
a kw x ; w x x ª 0 , 3.10 .  .  . k
ksq
 .where q is an unknown integer. If we suppose that m q y p is an integer,
then applying the same arguments as in Theorem 3, we come to the
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asymptotic relation
`
a pm a kx F x q , kymqyp.
 .ksm qyp
` lqky1 G a i q 1 .
a pm a k; x a w x  ky iy1 i /G a i q a q 1 .ksqylq1 isq
`
a pm a kq x f x x ª 0 . 3.11 .  . x
kspylq1
 .Suppose that m ) 0 and p y l q 1 rm is an integer and put q s p q
 .  .p y l q 1 rm with q ) y1ra . Then m q y p s p y l q 1 ) 0 and
 .q ) p. Hence from 3.11 we obtain that if w satisfy the conditionsk
F s f k s p y l q 1, p y l q 2, . . . , q y l , 3.12 .  .q , kqlypy1 k
lqky1 G a i q 1 .
F s a w q fq , kqlypy1 kyiy1 i kG a i q a q 1 .isq
k s q y l q 1, q y l q 2, . . . , 3.13 .  .
 .then Eq. 1.4 is asymptotically solvable and its asymptotic solution near
 .zero has the form 3.10 .
Then we obtain the following result.
THEOREM 4. Let a ) 0, m ) 0 and let p, l, n g Z be such that n s l y
 .  .p y 1 - 0 and p y l q 1 rm g Z and set q s p q p y l q 1 rm )
 .  .  .  .y1ra . Let a x and f x ha¨e the asymptotic expansions 1.5 and 1.6 and
 .  .  .let the coefficients w satisfy relations 3.12 and 3.13 . Then Eq. 1.4 isk
asymptotically sol¨ able and its asymptotic solution near zero has the form
 .3.10 .
Setting p s y1 and replacing l by yl in Theorem 4, we have the
following corollary.
COROLLARY 4.1. Let a ) 0, m ) 0 and let l be a positi¨ e integer such
that lrm g Z and set q s y1 q lrm. Let
`
ya m a ka x ; x a x x ª 0 , 3.14 .  .  . k
ksl
`
ya m a kf x ; x f x x ª 0 3.15 .  .  . k
ksl
KILBAS AND SAIGO52
with a / 0, f / 0, and let the coefficients w satisfy the relationsl l k
F s f k s l , l q 1, . . . , l q q , 3.16 .  .q , kyl k
kyly1 G a i q 1 .
F s a w q fq , kyl kyiy1 i kG a i q a q 1 .isq
k s l q q q 1, l q q q 2, . . . . 3.17 .  .
 .Then Eq. 1.4 is asymptotically sol¨ able and its asymptotic solution near zero
 .has the form 3.10 .
 .  .Now we suppose that m - 1 m / 0, y1, y2, . . . and p y l q 1 r
 .  .  .1 y m is a positive integer and put q s p y p y l q 1 r 1 y m ) y1r
 .  .a . Then m q y p s q y l q 1 is an integer and q - p. From 3.11
we finally obtain that if w satisfy the conditionsk
lqky1 G a i q 1 .
F s a wq , kqlyqy1 kyiy1 iG a i q a q 1 .isq
k s q y l q 1, q y l q 2, . . . , p y l , 3.18 .  .
lqky1 G a i q 1 .
F s a w q fq , kqlyqy1 kyiy1 i kG a i q a q 1 .isq
k s p y l q 1, p y l q 2, . . . , 3.19 .  .
 .  .then 3.10 is also the asymptotic solution of Eq. 1.4 .
Therefore we arrive at the result:
 .THEOREM 5. Let a ) 0, m - 1 m / 0, y1, y2, . . . , let p, l, n g Z be
 .  .such that n s l y p y 1 - 0 and p y l q 1 r 1 y m g Z and let q s
 .  .  .  .p y p y l q 1 r 1 y m ) y1ra. Let a x and f x ha¨e the asympto-
 .  .  .tic expansions 1.5 and 1.6 and the coefficients w satisfy relations 3.18k
 .  .and 3.19 . Then Eq. 1.4 is asymptotically sol¨ able and its asymptotic
 .solution near zero has the form 3.10 .
Remark 4. The condition l y n y 1 ) y1ra in Theorem 3 or q )
y1ra in Theorems 4 and 5 can be considered as two cases when
l y n y 1 or q is nonnegative and negative but greater than y1ra . They
 .  .correspond to the solution w x of Eq. 1.4 being bounded and integrable
 .near zero, respectively. The latter case shows that the order a of Eq. 1.4
satisfies
1 1
a - y or a - y . 3.20 .
l y n y 1 q
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 .If, for example, l s n or q s y1, then in Theorems 3]5, Eq. 1.4 is
 .considered with 0 - a - 1. If y l y n y 1 or yq is a sufficiently large
positive integer, then a will be a sufficiently small positive number.
Remark 5. The results in Theorems 3]5 allow us to find an asymptotic
 .  .solution of the linear Abel]Volterra integral equation 1.4 for m s 1
 .  .  .  .provided that a x and f x have the asymptotics 1.5 and 1.6 with
m s 1. Such solutions in the particular case p s 0, l s 1, and n s 0 or
w xn s 1 were obtained by the authors 19 . Theorems 3 and 5 also give the
 .  .  .asymptotic solution w x of Eq. 1.4 with negative m m / y1, y2, . . . .
4. ASYMPTOTICS OF THE SOLUTION IN A SPECIAL CASE
 .  . a  pmyl .We consider Eq. 1.4 in the special case when a x s ax and
 .f x is a quasipolynomial,
a  pmyl . Nxax w t .
m a pm a kw x s dt y x f x . H k1yaG a . 0 x y t . ksyn
0 - x - d F ` 4.1 .  .
with a / 0 and N G yn. Theorem 3 implies the next theorem:
 .THEOREM 6. Let a ) 0, p, m g R m / 0, y1, y2, . . . and let l, n,
 . l y n y p y 1 m g Z be such that l y n y 1 ) y1ra and l y n y
.p y 1 m G yn. Let w satisfy the following conditions:k
 .  .i When l y n y p y 1 m ) N, assume that
w s 0 k s N q l , N q l q 1, . . . , l y n y p y 1 m q l y 2 , . .k
4.2 .
aG a k q 1 .
F s wlynyl , kylq1y lynypy1.m kG a k q a q 1 .
k s l y n y p y 1 m q l y 1, l y n y p y 1 m q l , . . . . 4.3 .  .  . .
 .  .ii When yn - l y n y p y 1 m F N, assume that
aG a k q 1 .
F s w y flyny1, kylq1y lynypy1.m k kylq1G a k q a q 1 .
k s l y n y p y 1 m q l y 1, .
4.4 .
l y n y p y 1 m q l , . . . , N q l y 1 , . .
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aG a k q 1 .
F s wlyny1, kylq1y lynypy1.m kG a k q a q 1 .
k s N q l , N q l q 1, . . . . 4.5 .  .
 .  .iii When l y n y p y 1 m s yn, assume that
aG a k q 1 .
F s w y flyny1, kylq1qn k kylq1G a k q a q 1 .
k s yn q l y 1, yn q l , . . . , N q l y 1 , 4.6 .  .
aG a k q 1 .
F s w k s N q l , N q l q 1, . . . . .lyny1, kylq1qn kG a k q a q 1 .
4.7 .
 .Then Eq. 4.1 is asymptotically sol¨ able and its asymptotic solution near zero
has the form
lqNy1 G a k q a q 1 .
a kw x ; f x .  ky lq1aG a k q 1 .kslyny1
`
a kq w x x ª 0 4.8 .  . k
 .ks lynypy1 mqly1
 .in case i ,
 .lynypy1 mqly2 G a k q a q 1 .
a kw x ; f x .  ky lq1aG a k q 1 .kslyny1
`
a kq w x x ª 0 4.9 .  . k
 .ks lynypy1 mqly1
 .  .  .in case ii , and 3.5 in case iii .
 .COROLLARY 6.1. Under the assumptions of Theorem 6 i the solution
 .  .w x of Eq. 4.1 has the asymptotic
lqNy1 G a k q a q 1 .
a kw x s f x .  ky lq1aG a k q 1 .kslyny1
q w x a lynypy1.mqly14 lynypy1.mqly1
q O x a lynypy1.mql4 x ª 0 , 4.10 .  .  .
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where
G a l y n y p y 1 m q l q 1 4 . .
w s lynypy1.mqly1 aG a l y n y p y 1 m q l y 1 q 1 4 . .
m 4G a l y n q 1 f . yn
= . 4.11 . / 4aG a l y n y 1 q 1 .
Furthermore, if N ) yn, we ha¨e
lqNy1 G a k q a q 1 .
a kw x s f x .  ky lq1aG a k q 1 .kslyny1
q w x a lynypy1.mqly14 lynypy1.mqly1
q w x a lynypy1.mql4 q O x a lynypy1.mqlq14 . lynypy1.mql
x ª 0 , 4.12 .  .
 .where w is gi¨ en by 4.11 and lynypy1.mqly1
mG a l y n y p y 1 m q l q 1 q 1 4 . .
w s lynypy1.mql aG a l y n y p y 1 m q l q 1 4 . .
my 1 4G a l y n q 1 f . yn
=  / 4aG a l y n y 1 q 1 .
 4G a l y n q 1 q 1 f . ynq1
= . 4.13 . 4aG a l y n q 1 .
 .COROLLARY 6.2. Under the assumptions of Theorem 6 ii the solution
 .  .w x of Eq. 4.1 has the asymptotic
 .lynypy1 mqly2 G a k q a q 1 .
a kw x s f x .  ky lq1aG a k q 1 .kslyny1
q w x a lynypy1.mqly14 q O x a lynypy1.mql4 . lynypy1.mqly1
x ª 0 , 4.14 .  .
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where
G a l y n y p y 1 m q l q 1 4 . .
w s lynypy1.mqly1 aG a l y n y p y 1 m q l y 1 q 1 4 . .
m 4G a l y n q 1 f . yn
= f q . lynypy1.m 5 / 4aG a l y n y 1 q 1 .
4.15 .
 .Furthermore, if N G l y n y p y 1 m ) yn q 1, we ha¨e
 .lynypy1 mqly2 G a k q a q 1 .
a kw x s f x .  ky lq1aG a k q 1 .kslyny1
q w x a lynypy1.mqly14 lynypy1.mqly1
q w x a lynypy1.mql4 q O x a lynypy1.mqlq14 . lynypy1.mql
x ª 0 , 4.16 .  .
 .where w is gi¨ en by 4.15 and lynypy1.mqly1
mG a l y n y p y 1 m q l q 1 q 1 4 . .
w s lynypy1.mql aG a l y n y p y 1 m q l q 1 4 . .
my 1 4G a l y n q 1 f . yn
= f q lynypy1.mq1  / 4aG a l y n y 1 q 1 .
 4G a l y n q 1 q 1 f . ynq1
= . 4.17 .5 4aG a l y n q 1 .
 .COROLLARY 6.3. Under the assumptions of Theorem 6 iii , the solution
 .  .w x of Eq. 4.1 has the asymptotic
w x s Ax a  lyny1. q O x a  lyn. x ª 0 , 4.18 .  .  .  .
where j s A is a solution of the equation
 4aG a l y n y 1 q 1 .
mj y j q f s 0. 4.19 .yn 4G a l y n q 1 .
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Furthermore, if N G yn q 1 and
 4aG a l y n q 1 .
my 1/ mA , 4.20 . 4G a l y n q 1 q 1 .
then we ha¨e
w x s Ax a  lyny1. q Bx a  lyn. q O x a  lynq1. x ª 0 , 4.21 .  .  .  .
where
y1 4aG a l y n q 1 .
my 1B s y mA f . 4.22 .ynq1 4G a l y n q 1 q 1 .
5. SOLUTION IN CLOSED FORM
 .  .We consider the particular case of Eq. 4.1 when f x is a monomial
 .N s yn ,
a  pmyl . xax w t .
m a  pmyn.w x s dt y bx 0 - x - d F ` .  .H 1yaG a . 0 x y t .
5.1 .
 .with a ) 0, m g R m / 0, y1, y2, . . . , p, l, n g Z, and a / 0. We show
 .that such an equation in case iii above can be solved in closed form. If
 .l y n y 1 ) y1ra and l y n y p y 1 m q n s 0, then it follows from
 .  .  .Corollary 6.3 that the solution w x of Eq. 5.1 has the asymptotic 4.18
near zero, where j s A is a solution of the equation
 4aG a l y n y 1 q 1 .
mj y j q b s 0. 5.2 . 4G a l y n q 1 .
a  lyny1.  .It is directly verified that the first term Ax of the asymptotic 4.18
 .gives the exact solution of Eq. 5.1 . Moreover, it is also the solution for
 .  .a ) 0, p, l, n g R such that a l y n y 1 ) y1. We replace a pm y l
 .by l, a pm y n by n, and b by yb. If we choose a ) 0 and l, n, m g R
 .  .  .m / 0, 1 such that l q a y n - 1 l q a y n / 0 and n y l y a m s
n, and suppose that the equation
aG n y l y a q 1 .
mj y j y b s 0 5.3 .
G n y l q 1 .
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 .with a, b g R a / 0 is solvable, for indeed j s c is its solution, then we
can say that the nonlinear integral equation
l xax w t .
m nw x s dt q bx 0 - x - d F ` 5.4 .  .  .H 1yaG a . 0 x y t .
has the solution
w x s cx ny lya . 5.5 .  .
We set, again, n y l y a s b. Then we arrive at the following state-
ment:
 .THEOREM 7. Let a ) 0, b ) y1 b / 0 , and l g R with l / ya and
 .l / ya y b. For a, b g R a / 0 let the equation
aG b q 1 .
1q  lqa .r bj y j y b s 0 5.6 .
G a q b q 1 .
be sol¨ able and let j s c be its solution. Then the nonlinear integral equation
l xax w t .
1q  lqa .r b aqbqlw x s dt q bx 0 - x - d F ` .  .H 1yaG a . 0 x y t .
5.7 .
is sol¨ able and its solution is gi¨ en by
w x s cx b. 5.8 .  .
Remembering Theorems 1 and 2, we have the following theorem.
THEOREM 8. Let the assumptions of Theorem 7 be satisfied and let j s c
 .be the unique solution of Eq. 5.6 .
 .  .  .If y1 - l q a rb - 0, then 5.8 is the unique solution of Eq. 5.7 in
 .the space C 0, d . If additionally a ) 0, b ) 0, and c ) 0, then this solution
q .belongs to the space C 0, d .
 .If b - 0, a q l - 0, a ) 0, b ) 0, and c ) 0, then 5.8 is the unique
 . q . bsolution of Eq. 5.7 with 0 - d - ` in the space C 0, d , « s d .«
Now we consider the homogeneous nonlinear integral equation
l xax w t .
1q  lqa .r bw x s dt 0 - x - d F ` 5.9 .  .  .H 1yaG a . 0 x y t .
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 .corresponding to Eq. 5.7 . A direct calculation proves that the function
 .br lqaaG b q 1 .
bw x s x 5.10 .  .
G a q b q 1 .
 .is the exact solution of Eq. 5.9 . Taking into account Remark 2, we come
to the following result:
THEOREM 9. If the assumptions of Theorem 8 are satisfied, then the
 .  .homogeneous nonlinear Eq. 5.9 with a g R a / 0 is sol¨ able and its
 .solution has the form 5.10 .
 .  .  .If y1 - l q a rb - 0, then 5.10 is the unique solution of Eq. 5.9 in
 .the space B 0, d . If additionally a ) 0, then this solution belongs to theloc
q  .space B 0, d .loc
 .If b - 0, a q l - 0, and a ) 0, then 5.10 is the unique solution of Eq.
 . q . b5.9 with 0 - d - ` in the space C 0, d , « s d .«
Remark 6. In the particular case when l s 0 and a s G a q b q
.  .  .1 rG b q 1 , the solution of Eq. 5.9 with b ) 0, which appears in
w x  .applications, was obtained in 25 . In the case when l s 0, a s G a , and
 .  .b - yar2 and hence 1 q arb - y1 , the solution of Eq. 5.9 was given
w xin 16 , and the uniqueness of this solution in a certain subspace of
continuous nondecreasing positive functions was proved.
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